ABSTRACT In order to further solve the stability problem in the actual network control systems, this paper first simultaneously considers the controlled object system delay and network time delay in the Lurie nonlinear stochastic network control systems. Among them, the controlled object system delay is multitime delay and the network time delay is two additive time-varying delay component. The proposing of the two additive time-varying delay components in network control systems has advantages in producing less conservatism over the previous one with a combined delay. By employing the method of improved free weighting matrix and constructing a Lyapunov-Krasovskii functional, less conservative robust H ∞ stability criterion is established and the controller is designed for the system in this paper. Some numerical examples are given to demonstrate the applicability of the proposed method.
I. INTRODUCTION
Time delay frequently appears in many practical systems, such as aerospace systems, chemical and metallurgy processes, power grid systems, due to insensitive measurement, signal transmission and the elements aging [1] . The time-varying delay is the main reason that causes system instability and its existence makes system analysis more complicated and difficult. And the time delay issues have aroused the attention over the past decades [2] , [3] . In addition, the time-varying delays also appear in network control systems [4] - [6] .
The network control systems are one or more control loops formed by a series of communication channels. Network control systems are constantly being researched [7] - [10] . The existence of time-varying delay is the important factor affecting the stability and performance of network control systems. General network control system includes controllers, actuators, sensors and controlled objects [11] , [12] . In general, there are two kinds of time delays in the network control system: process delay and network delay. The process delay refers to the time delay generated by the controller, sensors, actuators themselves in the calculation and transmission of information. The network delay refers to the transmission time τ 1 from the sensor to the controller through the network and the transmission time τ 2 from the controller to the actuator [13] . In this paper, we ignore the process delay and study the network delay which occurs in the network control systems when sensors, actuators, and controllers exchange data over the network. The most common state space model for network control systems iṡ
x(t) = Ax(t) + BKx(t − τ (t)),
where τ (t) is the network delay which contains the τ 1 (t) and τ 2 (t), and τ (t) = τ 1 (t) + τ 2 (t).
However, in some practical network control systems, multiple delay components should be considered to obtain the less conservative stability criteria. Therefore, the model should be proposed aṡ x(t) = Ax(t) + BKx(t − τ 1 (t) − τ 2 (t)).
In this paper, we not only study the network delay but also study the time delay in the controlled object. The delay in the controlled object is multi-delay which contains two time-varying delays. Some people studied the stability analysis of linear multi-delay systems based on the method of free weighting matrix (FWM) [14] . The free weighting matrix represents the relationship between the time delays and can be solved by linear matrix inequality (LMI) toolbox in MATLAB. The papers [15] - [18] use the free-weight matrix method to settle the stability problem. But using the FWM method would ignore some useful integral terms in the process of solving the Lyapunov-Krasovskii functional derivatives. For example, Assume d(t) is the timevarying and the h is the upper bound of d(t). The term 
t−d(t) t−hẋ
T (s)Zẋ(s) ds is ignored, which can result in greater conservativeness. In this paper, we use the improved free weighting matrix method to preserve the less conservative stability condition by retaining all the terms in the Lyapunov-Krasovskii functional derivative and considering the relationship among the time-varying delay, the upper bound of time-varying delay and their difference.
With the development of science and technology, the stochastic system and nonlinear system received more and more attention [19] - [21] . A linear motor control system has nonlinearity [22] . Literature [23] - [25] studied the stability of automatically controlled nonlinear systems. Literature [26] studied event-triggered fuzzy control of nonlinear systems. In addition, stochastic systems with nonlinearity and Markovian switching have been researched in [27] . And eventtriggered sliding mode control of stochastic system has been studied in [28] . Stochastic switched sampled-data control is studied in [29] . Many nonlinear systems could be modeled in the form of lurie nonlinear system [30] - [32] . The stability of delay systems may be frequently destroyed by their uncertainties and perturbations in practice [33] , [34] . Now, we comprehensively consider lurie nonlinear, stochastic and network control system based on the method of improved free weighting matrix (IFWM). To the author's best knowledge, the robust stability analysis of lurie nonlinear stochastic network control systems with time-varying delay based on the method of IFWM has not been fully investigated and is still important and challenging.
In recent years, many papers have studied stability analysis of network control systems with nonlinearity and randomness [35] , [36] . These articles only studied the network time delay and didn't simultaneously consider the time delay in the controlled object. If the time delay in the controlled object is taken into account, the stability of the system can be greatly improved.
On the other hand, this paper will study the robust H ∞ control for the lurie nonlinear stochastic network control system with multiple additive time-varying delay components. H ∞ performance is an important performance indicator for control system analysis. The H ∞ control theory was proposed by Zames in 1981. In the field of network control, H ∞ control has also been widely used [37] , [38] . The method of the free weighting matrix could be applied to design the H ∞ controller. However, some parameters need to be set separately and cannot be solved by the LMI method. This leads to the conservatism of the final result. Here, using the LyapunovKrasovskii functional and IFWM method, the robust H ∞ control problem of the system is discussed.
In general, the first contribution of this paper is simultaneously studying the network time delay which is two additive time-varying delay components and the delay of controlled object which is multi-delay as two constant time delays in lurie nonlinear stochastic network control system. This didn't encounter in other articles and could effectively improve the stability of the system. The second contribution is employing the method of IFWM to obtain the robust H ∞ stochastic stability and robust H ∞ stochastic control for the lurie nonlinear stochastic network control systems with additive time-varying delay components. The obtained stability condition is less conservative by retaining all the terms of the Lyapunov-Krasovskii functional derivative. Finally, the numerical example is given to demonstrate the applicability of the proposed method.
The rest of this paper is summarized as follows. In Section II, some definitions and lemmas are given and the problem formulation are introduced. The analysis of robust stochastic stability is presented in Section III. In Section IV, the robust H ∞ control is studied. In Section V, we give the numerical examples to demonstrate the applicability of the proposed method. At the end, the conclusion is written in Section VI.
Notation: Throughout this note, E{·} denotes the expectation operator with respect to some probability measure P; L 2 [0, ∞) is the space of square-integrable vector functions over [0, ∞); · 2 stands for the usual L 2 [0, ∞) norm; ( , F, P) is a probability space with the sample space and F the σ -algebra of subsets of the sample space. P 0 denotes that P is a symmetric and positive definite matrix.
II. DEFINITIONS AND PROBLEM FORMULATION
A general single loop network control system is shown in FIGURE 1,
which y c (t) is the output of controller, u c (t) is the output of sensor, and u(t) is the output of actuator, τ 1 is the transmission time delay from the sensor to the controller through the network and τ 2 is the transmission time delay from the controller to the actuator. Thus, the most common state space model for network control systems iṡ where τ (t) is the network time delay which contains the τ 1 (t) and τ 2 (t), and
However, in some practical network control systems, multiple delay components should be considered to obtain the less conservative stability criteria. Thus, the model should be proposed aṡ
Next, consider the following lurie nonlinear stochastic network control system with two additive time-varying delay components:
and
where τ 1 (t) and τ 2 (t) represent the two delay components of network time delay. We assume that
where the τ i , µ i (i = 1, 2) are positive constants. Therefore, the system could be written as:
where
is a scalar describing Brownian motion in the complete probability space ( , F, P) satisfying E{dw(t)} = 0 and 
, and E 2 (t) are unknown matrices with appropriate dimensions that represent time-varying structure parameter uncertainties which are assumed to have the form: (8) where
, and G e2 are known, real, constant matrices with appropriate dimensions; F(t) is an unknown, real and possibly time-varying matrix with Lebesgue measurable elements satisfying:
The delay h 1 and h 2 are the positive constant time delays in the controlled object.
Definition 1 [39] : The nominal system of (7) with u(t) = 0 and v(t) = 0 is said to be mean-square stable if for any ε > 0 there is a δ(ε) > 0 such that
if, in addition,
for any initial conditions, then the nominal system (7) with u(t) = 0, v(t) = 0 is said to be mean-square asymptotically stable. The uncertain stochastic system (7) is robustly stochastically stable if system (7) with u(t) = 0, v(t) = 0 is mean-square asymptotically stable for all admissible uncertainties A 0 (t),
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Definition 2 [39] : Given a scalar γ > 0, the system (7) has H ∞ disturbance attenuation γ if the system is robustly stable and under zero initial conditions, z(t) 2 
Definition 3 [40] :
Lemma 1 [39] : Assume J , K, R, P and F are real matrices with appropriate dimensions such that P > 0 and F T F ≤ I . Then we have the following:
(1) For scalar > 0 and vectors x, y ∈ R n ,
(2) For scalar > 0 such that P − KK T > 0,
III. ROBUST STOCHASTIC STABILITY
This note will analyze the robust stochastic stability of the system (7). For convenience, we define new state variables y(t) and g(t) that
Then, we use y(t) and g(t) to express the dx(t) in (5). Thus,
dx(t) = y(t)dt + g(t)dw(t). (15)
Theorem 1: Consider system (7) with the v(t) = 0. Given scalars h i , τ i (i = 1, 2), ε l > 0 (l = 1, . . . , 4) and µ 1 < µ < 1, the system is robustly stochastically stable if there exist appropriate dimensional matrices P 0,
such that following LMIs hold: 
Due to there are many equations in the next proof process, we first give a basic idea of performing the stability analysis. Firstly, construct an appropriate LyapunovKrasovskii functional V (x(t), t) for the system (7) with v(t) = 0. Then, by using Itô formulation, we could obtain the weak infinitesimal generator LV (x(t), t). Secondly, introduce the free weighting matrices and employ the IFWM method to denote the relationship of delay terms. Thirdly, owing to the stochastic performance, consideration of two kinds of delays and the application of IFWM method, the LV (x(t), t) is complicated. We need to apply the Lemma 1 and Lemma 2 to deal with the LV (x(t), t) to obtain the LMI in Theorem 1. Now, consider the system (7) with v(t) = 0. we have
Construct the following Lyapunov-Krasovskii functional candidate:
Introduce the free weighting matrices
According to the Newton-Leibniz formula, the following formulas are true:
y(s) ds
− t t−h 1 g(s)dw(s)],(33)0 = 2ξ T (t)M [x(t) − x(t − h 2 ) − t t−h 2
y(s) ds
By Itô formulation, we get the differential:
where 
In order to simplify the representation of LV (x(t), t), some complex terms will be magnified by Lemma 1 and Lemma 2. Next works are the modification of some complex terms.
Applying (10), we change 2x
Applying (11), we change the following term as
Similar to the treatment of (43), we have (44) and (45) 
For the integral term like −2ξ T (t)N t t−h 1 g(s)dw(s)
in LV (x(t), t), using (12), we gain that
g(s) dw(s) . (46)
Note that
then, the (46) can be written as
Using the same method, then
To conveniently eliminate terms, (50) and (51), (52) and (53) could be integrated in advanced. Thus,
Then, applying (42)- (55) to (41) and adding the nonlinear conditions yields that
η(t, s) ds
whereÊ 1 = Ē 1 0 0 0 ,Ê 2 = Ē 2 0 0 0 , 11 is defined in (23) . Define thatˆ
By using Schur complement,ˆ 1 < 0 is equivalent to 
In order to avoid the occurrence of nonlinear terms like P −1 , etc in the obtained LMI in the future, we have the next behavior.
Due to
Thus, we get that
Obviously , 
and 1 ≤ 1 which is defined in (16) . Thus, if 1 < 0 then 1 < 0. By the same method, we havê
If k < 0 (k = 1, 2, . . . 7) thenˆ k < 0. By Definition 1 and Lemma 2, if k < 0 for any η(t) = 0, the system (7) with v(t) = 0 is robustly stochastically stable. Then the proof is completed. 55 * * * * * * * * * * * * * * * * * * * * 
V. NUMERICAL EXAMPLES
In this part, we give the numerical examples to illustrate the feasibility of the method in this paper and the effectiveness of simultaneously considering two kinds of time delays in lurie nonlinear stochastic network control system with multiple additive time-varying delay components. (7) . Consider the system (7) with following parameters: In the case of considering both controlled object system delay and network time delay, we obtained the figure of state trajectories of the system as Fig 3. The response of the lurie nonlinear stochastic network control system is shown in Fig 4. In Fig 3, The Table 1 shows the comparison of this paper and other papers on the upper bound of network time delay. The [41] - [46] only considered the network time delay. As we can see, the network time delays in this paper are bigger than that in [41] - [46] .
We discuss four situations to further certificate the superiority of this paper which simultaneously consider two types of delays. Firstly, If we just only consider the network transmission time delay from the controller to the actuator and set h 1 = 0, h 2 = 0, τ 1 = 0, we can obtain the τ 2 = 1.2931. Secondly, if we consider transmission time delay from the sensor to the controller but still don't consider the delays in the controlled object, and set h 1 = 0, h 2 = 0, τ 1 = 1. Then we can obtain the τ 2 = 1.5910. Thirdly, we study the single delay in the controlled object and set h 1 = 0.5, h 2 = 0, τ 1 = 1, then obtain the τ 2 = 1.7116. Finally, if set h 1 = 0.5, h 2 = 0.1026, τ 1 = 1, then we got the τ 2 = 1.9873.
It can be seen that our system is comprehensive and effective and the obtained criteria of stability is less conservative.
VI. CONCLUSIONS
Throughout this paper, we have simultaneously considered the controlled object system delay which is multi-time delay as two constant delays and network time delay which is two additive time-varying delay components. At the same time, we have obtained the robust stability criterion and completed the design of the controller of the lurie nonlinear stochastic network control system with multiple additive time-varying delay components by employing improved free weighting matrix method and constructing a Lyapunov-Krasovskii functional. By comparing with the case of only studying network time delay, we found that considering both controlled object system delay and network time delay can greatly reduce the conservativeness of stability criteria. At last, numerical examples have been given to verify the effectiveness of above statement.
The further study topics can be the investigation issues of state estimation and security analysis for the network control systems under the condition of considering both the controlled object system delay and network time delay. In addition, about the lurie nonlinear stochastic network control system, other types of random should be considered, such as Markovian jump [47] and Bernoulli stochastic process [48] , [49] .
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